The bulk Rashba semiconductors BiTeX (X=I, Cl and Br) with intrinsically enhanced Rashba spin-orbit coupling provide a new platform for investigation of spintronic and magnetic phenomena in materials. We theoretically investigate the interlayer exchange interaction between two ferromagnets deposited on opposite surfaces of a bulk Rashba semiconductor BiTeI in its trivial and topological insulator phases. In the trivial phase BiTeI, we find that for ferromagnets with a magnetization orthogonal to the interface, the exchange coupling is reminiscent of that of a conventional threedimensional metal. Remarkably, ferromagnets with a magnetization parallel to the interface display a magnetic exchange qualitatively different from that of conventional three-dimensional metal due to the spin-orbit coupling. In this case, the interlayer exchange interaction acquires two periods of oscillations and decays as the inverse of the thickness of the BiTeI layer. For topological BiTeI, the magnetic exchange interaction becomes mediated only by the helical surface states and acts between the one-dimensional spin chains at the edges of the sample. The surface state-mediated interlayer exchange interaction allows for the coupling of ferromagnets with non-collinear magnetization and displays a decay power different from that of trivial BiTeI, allowing the detection of the topological phase transition in this material. Our work provides insights into the magnetic properties of these newly discovered materials and their possible functionalization.
I. INTRODUCTION
The Rashba spin-orbit coupling (SOC) in materials arises from broken spatial inversion symmetry. It has been extensively studied in two-dimensional (2D) electron systems such as heterointerfaces of semiconductors, thin films and surfaces of heavy metals [1] [2] [3] [4] [5] [6] . Due to broken inversion symmetry in these systems, electrons experience a perpendicular electric field E, which generates a spin-orbit coupling E · (σ × k) that depends on the electrons' momentum k and spin σ. This Rashba effect in a 2D electron gas splits the spin-degenerate parabolic bands into dispersions with opposite spin polarizations 7 .
Three-dimensional (3D) materials with intrinsically broken inversion symmetry can also exhibit Rashba SOC. Recent theoretical and experimental studies have revealed a giant Rashba splitting in bismuth tellurohalides BiTeX (X=I,Cl and Br) due to the large internal electric field between the constituent layers of these materials [8] [9] [10] [11] [12] [13] . These materials became known as bulk Rashba semiconductors. The Rashba semiconductor BiTeI, in particular, has been shown to undergo a pressure-controlled topological phase transition [14] [15] [16] [17] [18] . As this material is subjected to an increasing hydrostatic pressure it transitions from a non-topological phase to a strong topological insulator phase, at approximately 3 GPa [14] [15] [16] [17] , and these two phases are separated by an intermediate Weyl phase [19] [20] [21] . Rashba semiconductors have generated much interest as a new material platform for spintronics and controlled topological phenomena [22] [23] [24] [25] [26] .
Heterostructures composed of magnetic and nonmagnetic materials are an important platform that allow controlled information transfer between spins 27, 28 . The key ingredient to this transfer is the effective interaction between the magnetic moments mediated by the conduction electrons of the non-magnetic host material. This effective interaction is known as the Ruderman-KittleKasuga-Yosida (RKKY) or the indirect carrier-mediated exchange interaction [29] [30] [31] . The theory of RKKY interaction was initially formulated to address the problem of the interaction between magnetic impurities in the bulk of a metal. Because it is carrier-mediated, RKKY interaction depends on the dimensionality of the host metal and the nature of its low-energy fermionic excitations [32] [33] [34] [35] [36] . In 3D conventional metals characterized by a single spin-degenerate parabolic band, the strength of this interaction undergoes oscillations as a function of the impurities' separation r at a period λ F /2 given by the Fermi wavelength λ F , while the envelope of the oscillations decays as r −329-31 . The same physical mechanism occurs in a ferromagnet-normal metal-ferromagnet (FM/NM/FM) trilayer structure, with each of the ferromagnetic layers forming a 2D collection of spins at the interface and the metal spacer mediating the indirect exchange interaction. The RKKY theory was generalized in the seminal work by Bruno and Chappert 37 to describe the oscillatory interlayer exchange coupling between the ferromagnetic layers. For a conventional metallic spacer such as Au or Cu, it predicts multiple oscillation periods of the coupling decaying as the inverse square of the spacer thickness, i.e. z −238 . A review of interlayer exchange coupling in magnetic multilayers can be found in Ref. 39 .
The interplay between magnetic and spin-orbit effects provides the basis for a number of wide-ranging phenomena, such as topological phases of matter, magnetic domain walls, Majorana bound states and magnetic skyrmions [24] [25] [26] [40] [41] [42] . Hence, the strong and intrin-
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sically generated Rashba SOC in bismuth tellurohalides and their pressure-controlled topological phases promise to provide important insights on the heretofore unexplored interlayer exchange coupling mediated by these materials.
In this paper, we consider the problem of interlayer exchange coupling mediated by conduction electrons in a bulk Rashba semiconductor, in its trivial and topological phases, between ferromagnetic layers. The main ingredient of our theory is the q z -dependent static spin susceptibility, which we have obtained analytically. The closedform result of the spin susceptbility facilitates identification of the Fermi surface singularities (Kohn anomalies) and enables us to capture the salient long-range dependence of the interlayer exchange coupling, including the periods of its oscillations and the spatial decay of its envelope. In the non-topological phase, our theory predicts that the interlayer coupling is strongly dependent on the magnetization directions of the ferromagnets. For ferromagnets with magnetization orthogonal to the interface, we find that SOC effects are not prominent and the interlayer exchange coupling behaves as in conventional 3D metals, decaying with the spacer thickness z as z −2 . In contrast, SOC effects are found to play an important role when the ferromagnets' magnetization directions are parallel to interface; the dominant contribution of the interlayer exchange coupling is proportional to the Rashba SOC parameter α and decays as z −1 . In the topological phase, where the bulk of these materials becomes insulating and the conduction only happens through the surface electrons, the magnetic exchange in the system becomes limited to the magnetic chains at the sample's edges and is mediated by the 2D helical surface states. Unlike the non-topological phase, the interlayer exchange interaction in the topological phase not only couples collinear spins but also non-collinear spins via the DzyaloshinskiiMoriya (DM) interaction, decaying with the thickness as z −3/2 . The qualitative differences exhibited by the arrangement of the ferromagnets' magnetization directions highlight the role of the spacer's Rashba SOC and band topology in the magnetic trilayer geometry. The remainder of this paper is organized as follows. In Sec. II we introduce the low-energy effective model for the Rashba semiconductor BiTeI and describe its Fermi surface and the associated spin textures. We then develop the formalism for the interlayer exchange coupling between two ferromagnets sandwiching the BiTeI layer in Sec III. In Sec. IV, we first employ this formalism to study the interlayer exchange coupling mediated by a 3D electron gas with an anisotropic Fermi surface but without SOC. In Sec. V we turn our attention to the case with BiTeI as the spacer and compare critically the obtained results including Rashba SOC with those obtained without SOC from Sec. IV. The case of two ferromagnets with magnetizations orthogonal to the interface is studied in Sec. V A and the case of two ferromagnets with magnetizations parallel to the interface in Sec. V B. In Secs. VI and VII we study the interlayer exchange in- teraction in the topological phase of BiTeI. In Sec. VI the interlayer exchange coupling formalism is adapted to the helical surface states of topological BiTeI, the spin susceptibility of the helical surface states is found and a generic form of the interlayer exchange interaction is derived. In Sec. VII the dependence of the interlayer exchange coupling on the thickness of topological BiTeI is derived. Finally, Secs. VIII and IX provide a discussion of possible experimental realizations and our concluding remarks.
II. BULK RASHBA SEMICONDUCTOR, BiTeI
Bismuth tellurohalides BiTeX (X=I,Cl and Br) generally have a layered lattice structure. In particular, the crystal of BiTeI is composed of a series of asymmetrically stacked triangular layers of Bi, Te and I atoms which leads to an intrinsically broken inversion symmetry along its stacking, c, axis. Fig. 1(a) shows the crystal structure of BiTeI and its corresponding Brillouin zone (BZ) is shown in Fig. 1(b) . The asymmetric stacking of the Bi, Te and I layers causes a net polarity along the stacking direction [8] [9] [10] . Due to the net polarity along the c-axis, electrons in the a-b plane experience an SOC. The symmetry properties of this SOC are constrained by the space symmetries of the a-b plane. Owing to the threefold symmetry of this plane in BiTeI, the intrinsic 2D SOC in this material inherits this symmetry. At low energies, this symmetry restricts the form of the SOC to α(σ × p )ẑ, where σ = (σ x , σ y , σ z ) is the vector of Pauli matrix representing spins, p = (p x , p y , 0) is the in-plane momentum and α is the Rashba SOC strength. The low-energy electrons of this material are centered in the vicinity of the BZ's hexagonal face center known as the A-point [A= (0, 0, ±π/c)] [8] [9] [10] [11] [12] [13] 43, 44 , and are described by the effective Hamiltonian
The material parameters A ≈ 8.04 eVÅ 2 , B ≈ 40.21 eVÅ 2 , 8,9,43,44 α R ≈ 3.85 eVÅ, c = 6.854Å and a = 4.34Å have been reported in the literature from photoemission, transport, optical experiments and density functional theory studies [8] [9] [10] [11] [12] [13] 43, 44 . Eq. (1) is valid up to a cutoff energy E c = 0.2eV, beyond which the dispersion acquires trigonal warping effects and two additional bands. Since the low-energy Hamiltonian of BiTeI commutes with the helicity operator,ĥ = (σ × p )ẑ/p , the helicity eigenstates diagonalize H BiTeI and are given by
where
is the azimuthal angle of k = (k x , k y , 0) and µ = ± is the helicity of the eigenstate. The corresponding energy eigenvalues are
where k = k 2 x + k 2 y . Stoichiometric BiTeI is an ndoped semiconductor where the Fermi energy is located above the Dirac node that results from the Rashba SOC 8,9,43,45 . As we explain in Fig. 1 , the Fermi surface for E F > 0 consists of two segments characterized by states with opposite helicities. The in-plane momenta that span these two parts of the Fermi surface individually can be obtained by solving for k from the dispersion Ak 2 z + Bk 2 + µαk = E F for a particular value of k z . The radii k µ for a given k z plane for the positive (negative) helicity segment of the Fermi surface is determined as
where ±k D , with k D = E F /A, specify the locations of the two Dirac points along the k z axis and
Additionally, the upper bound on k z follows from the condition that k − and hence k F must be real, leading to
The helicity-resolved segments of the Fermi surface are shown in Fig. 1 with the inner (µ = +) and outer (µ = −) portions of the Fermi surface are given by σ x = µ sin φ k and σ y = −µ cos φ k .
As displayed in Fig. 1(d) -(e), the two helical branches of Fermi surface are characterized by opposite sense of rotations of the electron spins.
III. FORMALISM OF INTERLAYER EXCHANGE INTERACTION: TRIVIAL PHASE
We employ the RKKY formalism for interlayer exchange coupling in Refs. 37, 38 . Our system consists of two ferromagnets (F T and F B ) sandwiching BiTeI along its stacking direction, as shown in Fig 2(a) . The distance between the ferromagnets is z = (N + 1)c, where c thickness of a BiTeI unit cell and N is an integer, see Fig. 1(a) . The ferromagnetic layer adjacent to BiTeI is assumed to consist of classical spins S i located at the atomic position R i of the spacer material BiTeI. The spins S i of the ferromagnetic layer are coupled to the electron spins of the BiTeI via a contact potential at the interface, V i = J 0 δ(r − R i )S · S i , where J 0 is the amplitude of the potential and S is the electron spin operator of the BiTeI spacer. Within these considerations, the interlayer coupling can be expressed as follows
where V 0 is the volume of the unit-cell, S (T,B)
x,y,z are the spin projections of the top (T) and bottom (B) ferromagnetic layers, and χ ab (q , q z ) is the ab component of the static spin susceptibility tensor. The planar dimensions of the ferromagnetic layers satisfy periodic boundary conditions since they are assumed to be large compared to the interlayer distance. The last sum in Eq. (7) is then nonzero only for q = 0. Recalling that the area of the projected 2D BZ for BiTeI is (2π) 3 c/(2πV 0 ) [where (2π) 3 /V 0 is the volume of the 3D BZ], the interlayer exchange coupling can be written as
The components of spin susceptibility, χ ab , for BiTeI consist of intraband and interband contributions. For simplicity, in the sections running up to Sec. V B we omit the q = 0 argument in χ ab and denote χ ab (q z ) ≡ χ ab (q = 0, q z ). Since the bands of BiTeI are characterized by their helicity, the spin susceptibility can be written as
where µ, ν = ±, f (E k,µ ) is the Fermi function, µ B is the Bohr magneton, δ is a positive infinitesimal, and
The oscillatory nature of interlayer RKKY interaction is due to the spatial oscillations of the induced spin density by the localized moments of the ferromagnetic layers and shares the same physical origin as the Kohn anomaly 46 . It stems from the sharpness of the Fermi surface at zero temperature and is measured by the critical spanning vectors (also called calipers). A critical spanning vector is one that connects a pair of extremum points of the Fermi surface along k z . These critical spanning vectors determine the periods of oscillations as a function of the spacer thickness. Because the thinnest possible spacer is one with a single unit cell, the smallest observable period is twice the unit cell thickness 2c corresponding to a critical spanning vector of π/c. If the Fermi surface yields a critical spanning vector that is larger than π/c, a period that is longer than that given directly by the critical spanning vector will be observed instead because the latter cannot be sampled. This effect is known as aliasing and was observed in the interlayer exchange coupling mediated by noble metals, e.g., Fe/Cu, Fe/Cr and Co/Cu 47, 48 . In BiTeI, the largest critical spanning vector defined by its Fermi surface is 2k m [see Eq. (5)] corresponding to the period π/k m , as shown in Fig. 2(b) . The effect of aliasing would manifest in the case when the period resulting from the largest spanning vector is shorter than 2c. Within our low-energy model for BiTeI, the Fermi energy is bounded from above by the cutoff energy E c = 0.2 eV, and the corresponding k m is small such that π/k m exceeds 2c. Therefore, aliasing does not occur for the critical spanning vectors 2k m , 2k D calipering the Fermi surface from the inside. As shown in Fig. 2 (c), the other two critical spanning vectors 2π/c − 2k m , 2π/c − 2k D calipering the Fermi surface from the outside are equivalent to 2k m , 2k D , respectively. Hence, the limits of integration in Eq. (9) are only determined by the boundaries of the two helical Fermi surfaces through the Fermi functions. To make this explicit, it is useful to define a function g µν (k z ) that captures the k z dependence of the helicity content of the bands, with
for µ = −ν and µ = ν = + and g µν = 1 for µ = ν = −, where Θ is the Heaviside step function. We can then write Eq. (9) as an integral over the entire momentum space constrained by g µν (k z ),
The form factor F µν ab is independent of the momentum along z and is given by
Upon angular integration, Eq. (10) gives
The Rashba SOC in BiTeI is 2D in nature and only couples to in-plane momentum. The spin susceptibility tensor is therefore anisotropic with diagonal components χ xx (q z ) = χ yy (q z ) = χ zz (q z ) and vanishing off-diagonal components χ ab (q z ) (a = b). For ferromagnets with spins normal to the interface, the spin susceptibility only has contributions from interband transitions, limiting these contributions to the part of the Fermi surface that hosts both helicities. When the ferromagnets have spins parallel to interface, the spin susceptibility has contributions from both intraband and interband processes and all regions of the Fermi surface become relevant. RKKY mechanism does not contribute to interlayer magnetic exchange when the spins of the ferromagnets are orthogonal to each other due to the vanishing off-diagonal components of χ ab (q z ). Consequently, the interlayer exchange coupling between the ferromagnetic layers is given by
We note that the integration over q z in the above can be extended to ±∞, since all critical spanning vectors are much smaller than π/c within the range of Fermi energy E F < 0.2 eV considered in the low-energy effective theory for BiTeI. Having laid out the formalism for the interlayer exchange coupling and evaluated the spin susceptibility, we first consider the simpler case without SOC in order to establish a reference scenario to which the SOC effects from a BiTeI spacer (Sec. V) will be compared.
IV. SPECIAL CASE: SPIN-DEGENERATE METAL
In this section we consider a 3D spin-degenerate metal with an anisotropic energy dispersion described by the Hamiltonian in Eq. (1) with α = 0. The components of the spin susceptibility tensor become equal and Eq. (12) becomes
where the factor of 2 results from spin degeneracy. The integration over k and k z leads to
The expression above yields a critical spanning vector |q z | = 2k D at which ∂χ(q z )/∂q z has a logarithmic singularity. This singularity indicates the presence of a Kohn anomaly which gives rise to spatial oscillations of induced spin densities and consequently the RKKY mediated interlayer exchange 46 . In the limit of q z = 0 and a spherical Fermi surface with (15) recovers the Pauli susceptibility of a non-interacting 3D Fermi gas
2 ) is the number of electrons per unit volume and D(E F ) is the density of states 29 . We now evaluate the interlayer exchange coupling Eq. (13) between the ferromagnetic layers. Since the system is spin-degenerate and χ(q z ) is an even function of q z , we can write Eq. (13) for ferromagnetic layers with parallel spins as
(16) The dominant contribution to Eq. (16) can be extracted analytically by expanding the integrand near the Kohn anomaly
Changing variable q = q z − 2k D and integrating by parts twice lead to where
The analytic result Eq. (19) indicates that the interlayer exchange interaction has a single period of oscillation determined by the critical spanning vector 2k D , given by 0 0.05 0.1 0.15 0.2 (16) and from Eq. (19) . The excellent agreement between the two results confirms that the dominant contribution to the interlayer exchange interaction indeed originates from the critical spanning vector given by the Kohn anomaly of the system, as captured by our approximate analytic result Eq. (19). In the isotropic limit of a spherical Fermi surface with A = B = 2 /2m and E F = 2 k 2 F /2m, one recovers the well-known result of interlayer exchange interaction obtained by Yafet 49 ,
In this section we have quantified the interlayer exchange coupling between two ferromagnetic layers mediated by a spacer without SOC. In the next two sections, we restore SOC effects and consider BiTeI as the spacer. We will study the interlayer exchange coupling in FM/BiTeI/FM for the two cases when the ferromagnets' spins are aligned perpendicular to the plane and parallel to the plane.
V. INTERLAYER EXCHANGE INTERACTION MEDIATED BY BiTeI
A. Out-of-Plane Magnetization
When the spins of the ferromagnetic layers shown in Fig. 2(a) that are spin polarized out of the plane and therefore depends on the χ zz (q z ) component of the spin susceptibility. Since the spin textures of the electronic states in BiTeI are helical and have no out-of-plane components, only interband processes contribute to χ zz (q z ) and its form factor F µν zz = (1 − µν)/2 vanishes for µ = ν. Since interband transitions require a change in helicity, the region of the Fermi surface that contributes to χ zz (q z ) is limited to |k z | < k D , leading to the form of χ zz (q z
where C = µ 2 B π/(2π) 3 . The long-wavelength limit of the spin susceptibility due to z-polarized ferromagnets is χ zz (0) = 4Ck D /B. This component of the spin susceptibility is known as the van Vleck susceptibility, originating from virtual interband transitions and in this case is identical to the case without SOC [Eq. (15)] 50-53 . Since the spin susceptibility χ zz (q z ) is an even function of q z , we can express the interlayer exchange coupling as
(23) The spin susceptibility in Eq. (22) reveals the presence of three critical spanning vectors at |q z | = 2k D , and
When |q z | takes the value of a critical spanning vector, ∂χ zz (q z )/∂q z has a logarithmic divergence, i.e. Kohn anomaly 46 . The contributions of the Kohn anomalies to interlayer exchange interaction depend on the Fermi energy of the system. The anomalies associated with the vectors k ± n contribute to the interlayer exchange interaction only when E F > 2α 2 /B, while 2k D contributes for any value of the Fermi energy. We numerically evaluate the integral in Eq. (31) , and analytically determine the dominant behavior of I zz (z) by considering the contributions I zz (z) of the Kohn anomalies associated with 2k D and k ± n , respectively. The latter is done by integration over a small interval enclosing these anomalies.
In the vicinity of q z ≈ 2k D , the interlayer exchange interaction is
Here 2k D , and C is a constant. Following similar steps that lead to Eq. (19), we obtain the contribution of 2k D to the interlayer exchange interaction
where I 0 is given in Eq. (20) . In the vicinity of k ± n the interlayer exchange coupling I 
where C ± is a constant. Following a similar procedure as in the case of k D we obtain the contributions of k ± n to the interlayer exchange interaction
Hence, the total exchange interaction I zz (z) =
Within our low-energy theory for BiTeI, the maximum Fermi energy given by the energy cutoff of 0.2 eV is smaller than the value of 2α 2 /B = 0.74 eV, and thus the second term in Eq. (28) does not contribute. Hence, as shown in Figs. 4(a) and (b) , the BiTeI-mediated exchange between two z-polarized magnetic layers only has a single period of oscillation determined by π/k D . In addition to the oscillatory behavior of the interlayer exchange coupling we notice that I zz (z) decays as z −2 . This behavior is reminiscent of conventional 3D metallic spacers. Moreover, in the limit of α = 0, k + n = 2k D and k − n = 0, we recover the interlayer exchange coupling in the absence of SOC in Eq. (19) .
In this section we have seen that the interlayer exchange coupling between two z-polarized ferromagnets mediated by BiTeI displays a behavior similar to that of a conventional 3D metal and that the SOC coupling only renormalizes the amplitude of this coupling by a factor 2Ak
In the next section, we will show that the SOC has a dramatic effect on the interlayer exchange coupling between two ferromagnets with spin polarization parallel to the interface with BITeI.
B. In-Plane Magnetization
In order to study the interlayer exchange coupling between two ferromagnets with spins parallel to the interface with BiTeI [ Fig. 2(a) ], we consider both ferromagnets [F T and F B in Fig. 2(a) ] to have spins aligned in the x-direction without loss of generality. The interaction between the ferromagnets F T and F B depends on the element χ xx (q z ) of the spin susceptibility tensor in Eq. (12), which contains contributions from both interband and intraband transitions. Hence, unlike the case of the z-polarized ferromagnets, the spin susceptibility in this case has contributions from all regions of the Fermi surface as shown in Eq. (12) .
The interband contribution of χ xx (q z ) is given by χ zz (q z )/2, and its contributions to the interlayer exchange coupling is I zz (z)/2, where I zz (z) is given in Eq. (28) . On the other hand, the intraband component of the spin susceptibility, χ xx (q z ) in Eq. (12), can be written as
where k D = E F /A, and k µ , k m are given in Eq. (4) and Eq. (5), respectively. Integrating Eq. (29) over k and k z gives
Before proceeding to the interlayer exchange interaction between the x-polarized ferromagnets, we find the long-wavelength limit of the spin susceptibility χ xx (0) =
3 . The latter is the sum of the van Vleck and Pauli susceptibilities [50] [51] [52] [53] . Moreover, we notice that χ xx (0) > χ zz (0) for E F ≥ 0 (see Fig. 5 ) and therefore electron spins in BiTeI are more easily polarized in response to a uniform in-plane magnetic field than an out-of-plane field.
The intraband contribution to the interlayer exchange interaction is
and the total interlayer exchange interaction is given by
where I zz (z) is given in Eq. (28) . The intraband component of χ xx (q z ) Eq. (30) reveals the presence of a critical spanning vector that leads to a Kohn anomaly at |q z | = 2k m . The contribution of this anomaly to the exchange coupling is found by integrating around a small interval containing it, such that for |q z | ≈ 2k m ,
Following similar steps as before, 
where the decay power law z −1 is sufficient to describe I intra xx (z), as shown in Fig. 6 .
Combining the interband and intraband contributions as in Eq. (32), the total exchange between these ferromagnets is given by
In the limit α = 0, k + n = 2k c and k − n = 0, one recovers the interlayer exchange coupling in the absence of SOC in Eq. (19) .
The interlayer exchange coupling I xx (z) displays four periods of oscillation for E F > 2α 2 /B. However, for the low-energy electrons in BiTeI the Fermi energy E F < 2α 2 /B restricts the periods to oscillation to π/k D and π/k m .
The presence of a SOC in BiTeI makes the interlayer exchange coupling I xx (z) mediated by this material, Eq. (36), qualitatively different from that of a conventional 3D metal, Eq. (19). These differences are reflected in the experimentally relevant characteristics of this exchange, i.e. its oscillation periods and its dependence on the spacer thickness. Whereas the interlayer exchange interaction mediated by a conventional 3D metal has a single oscillatory period and decays as z −2 , the interlayer exchange coupling I xx (z) mediated by BiTeI has two periods of oscillation and more strikingly it decays as the inverse the spacer thickness z −1 . A close look at I xx (z), Fig. 7(a) , shows that the intraband contribution of I xx (z) is dominant due to its peculiar dependence on z, Eq. (35) . Hence, the interband contribution to the interlayer exchange coupling can only be discerned for small BiTeI thickness, z < 5c. Moreover, for relatively large thicknesses of BiTeI, z > 5c [Figs. 7(a) and (b)], the interlayer exchange coupling is uniquely determined by the term proportional to the SOC coupling that decays as z −1 in Eq. (35) . Consequently, unlike the case in a conventional 3D metal, the exchange coupling displays an intriguing dependence on the thickness of the BiTeI decaying as z −1 , which is reminiscent of the coupling between two magnetic chains mediated by a 2D conventional metal 54, 55 . We attribute this unusual dependence to the 2D nature of the Rashba SOC coupling in BiTeI.
VI. FORMALISM OF INTERLAYER EXCHANGE INTERACTION: TOPOLOGICAL PHASE
BiTeI has been theoretically predicted to undergo a topological phase transition under moderate hydrostatic pressure [14] [15] [16] [17] . Subjecting this material to an increasing pressure leads to its transition from its trivial phase to a strong topological insulator phase at approximately 3 GPa [14] [15] [16] [17] . These two topologically distinct phases are separated by Weyl semi-metallic phase [19] [20] [21] . Experimentally, transport measurements suggest that the topological phase transition happens at the theoretically expected value 18 , 3 GPa, while optical experiments suggest that this topological phase transition happens at 9 GPa 15,17 . In the following two sections, we analyze the interlayer exchange interaction between two ferromagnets mediated by BiTeI in its topological insulator phase and show that it exhibits important differences compared to that in the trivial phase.
In the previous sections we have shown that the interlayer exchange interaction mediated by BiTeI in its trivial phase is dependent on the spin orientation of the magnetic layers [Fig 2(a) ] and it only couples collinear spins. The transition of BiTeI from its trivial to its topological insulator phase crucially changes the nature of the magnetic exchange in the system. In its topological phase, BiTeI becomes insulating in the bulk and conducting only through its surfaces. The exchange interaction between magnetic impurities mediated by topological insulator surface states was previously studied [56] [57] [58] [59] [60] . In our case, the exchange interaction couples not only two magnetic impurities but two one-dimensional chains of spins at the top and bottom edges of the sample, mediated by the helical electrons residing on the side surfaces. Fig. 8(a) shows our setup with the side surfaces of the rectangular BiTeI sample indicated by S i , i = 1, 2, 3, 4.
In order to study the properties of the interlayer exchange interaction of topological BiTeI we assume that the surface states present on the surfaces S i are helical and satisfy
wheren i is the normal to the surface S i , and v F is the Fermi velocity of the surface states. Adapting Eq. (7) to describe the 2D metallic states that mediate the exchange interaction between two magnetic chains, Fig. 8(b) , one arrives at
here, i = (1, 2, 3, 4) is the surface index [ Fig. 8(a) ], S in the local coordinates as indicated in Table I and the corresponding transformation of the susceptibility components χ i ab → χ cd . In the local coordinate frame, the interlayer exchange coupling associated with each surface is given by
here, S the ferromagnetic layers satisfy periodic boundary conditions since they are assumed to be large compared to the interlayer distance. The last sum in Eq. (39) is then nonzero only for q x = 0. Recalling that the length of the projected 1D BZ of BiTeI is (2π) 2 c/(2πA 0 ) [where (2π) 2 /A 0 is the area of the 2D BZ containing the surface states], the interlayer exchange coupling can be written as
The components of spin susceptibility, χ cd , for a helical system described by H = v F (σ×p )ẑ consist of helicity-preserving and helicity-mixing contributions. For simplicity, hereafter we omit the q x = 0 argument in χ cd and denote χ cd (q y ) ≡ χ cd (q x = 0, q y ). Since the surface states are characterized by their helicity, the spin susceptibility can be written as χ cd (q y ) = µ,ν=± χ µν cd (q y ) with
where µ, ν = ± are the helicities of the surface states,
is the form factor defined in Eq. (9) with the state |k , µ = (−i, µe −iφ k ) † e ik ·r / √ 2. By considering that the largest critical spanning vector 2k F = 2E c /( v F ), where E c ≈ 0.2eV is the cutoff energy of the low-energy theory of the surface states 61 , one obtains a period of oscillation that is larger than 2c, thus, the limits of the integral in Eq. (41) will be restricted only by the Fermi functions, i.e.,
In general, for a 2D electron system described by the Hamiltonian H = v F (σ × p )ẑ we evaluated the spin susceptibility tensor components (see Appendix A)
and find that
where φ q = tan −1 (q x /q y ), x = 2k F /q , q = q 2 x + q 2 y , k F is the Fermi momentum, and
In the literature there has been a disagreement on the forms of the functions g 1,2,3 (x) 56, 57 . In order to find these functions we derived the renormalized susceptibility, which required the substraction of intrinsic susceptibility (the susceptibility at E F = 0) at q = 0, χ intrinsic cd (0), from the total susceptibility χ cd (q ). This method is consistent with Refs. 63 and 64 and leads to identical results for the polarization function therein. Taking q x = 0, φ q = ±π/2 [+ (−) for positive (negative) values of q y ], the susceptibility tensor reduces to
their associated interlayer exchange coupling is zero. With the remaining non-vanishing susceptibility elements we find that the interlayer exchange coupling for the different surfaces, when expressed in the global coordinates of the system as indicated in Fig. 8 , is given by
wheren i is the normal to the surface S i in global coordinates, and
and x = 2k F /q z . The integrals in Eqs. (48)- (50) are written in the global coordinates, where this is achieved by replacing (y, q y ) → (z, q z ) in Eq. (46) . Notice that the integration over q z in Eqs. (48)- (50) can be extended to ±∞, since all critical spanning vectors are much smaller than π/c within the range of Fermi energy E F < 0.2eV considered in the low-energy effective theory for BiTeI surface states. Unlike non-topological BiTeI, the magnetic interlayer exchange coupling, Eq. (47), mediated by the surface states of topological BiTeI allows for the coupling of collinear and non-collinear spins. The coupling between non-collinear spins is mediated by the DM interaction 65, 66 which in itself arises due to the spin-momentum coupling of the surface states. The appearance of the DM-mediated interlayer coupling is intertwined with the appearance of the topological phase of BiTeI, hence, the experimental measurements of such an interaction can be used an indicator of a topological phase transition in this material.
Having found the general expression of the interlayer exchange coupling in the topological phase of BiTeI, Eq. (47), we proceed to determine its dependence on the sample thickness in the next section. 
VII. SPATIAL DEPENDENCE OF EXCHANGE INTERACTION IN THE TOPOLOGICAL PHASE
In the trivial phase of BiTeI we have found that the interlayer exchange interaction for the system in Fig. 2(a) decays with the thickness of BiTeI as z −2 for perpendicularly magnetized layers and z −1 for layers with magnetization parallel to the interface. In this section we investigate the change in this z dependence as BiTeI becomes a strong topological insulator.
The thickness dependence of the interlayer exchange coupling of topological BiTeI in Eq. (47) is numerically determined by the integrals in Eqs. (48)- (50) . Due to the presence of a Kohn anomaly at |q z | = 2k F the long-range behaviour of the interlayer exchange interaction between the magnetic chains, Fig. 8(b) , can be obtained by integrating near the Kohn anomaly q z ∈ [2k F − , 2k F + ] where 2k F . Taking into account that χ zz,yy (q z ) = χ zz,yy (−q z ) are even in q z and χ yz (q z ) = −χ yz (q z ) is odd in q z , the integrals in Eqs. (48)- (50) close to the Kohn anomaly become
Recalling that the domain of the function Re( (52) by parts once and then changing to the variable q = √ q z − 2k F , one obtains
Since the dominant contribution of the previous integral comes from q = 0, we can extend its upper limit to +∞ arriving at
Then the interlayer exchange coupling between the magnetic chains for each surface is
A comparison between the numerical calculation of the integrals Eqs. (48)- (50) with the analytical formulas in Eq. (54) in Figs. 9(a) and 10(a) reveals a close agreement for thicknesses z/c < 5. As the sample thickness exceed z/c > 5, the numerical and analytical results become essentially equal and overlap with each other as shown in Figs. 9(b) and 10(b) . The interlayer exchange interaction mediated by the different surface states is characterized by a single period of oscillation, π/k F , and the envelope of these oscillations decays with the thickness of the sample as z −3/2 . We have seen that the magnetic exchange of the system in Fig. 2(a) for topological BiTeI reduces to the exchange between the magnetic chains at the edges of the sample and it is mediated by the surface states, Fig. 8(b) . Unlike the trivial phase of BiTeI, the magnetic interlayer exchange interaction per surface in topological BiTeI couples both collinear and non-collinear spins due to the appearance of the DM interaction, and it decays with the thickness of BiTeI as z −3/2 .
VIII. DISCUSSION
In this section we discuss how the main features displayed by the interlayer exchange interaction of BiTeI in its trivial and topological phases may allow for the experimental detection of the topological phase transition via the measurement of this exchange.
In the topological phase of BiTeI, we have shown that the interlayer exchange interaction becomes limited to the magnetic chains residing at the edges of the sample and it is mediated via the spin-momentum-locked surface states. Unlike the trivial phase of BiTeI, surface helical electrons in the topological phase allow for magnetic exchange between non-collinear spins arising from the DM interaction. In general, the collinear and DM contributions of the exchange coupling on each surface oscillate with a single period determined by the Fermi wavelength and decay with the thickness of BiTeI as z −3/2 . The DM term is present on each surface but the sign of its coupling is dependent on the surface orientation (e.g., it has opposite signs on opposite surfaces) while the collinear terms carry the same sign for all surfaces.
Two setups can be devised for the detection of the topological phase transition in BiTeI. First, using ferromagnets with orthogonal magnetizations, the collinear exchange terms will vanish in the topological phase and the exchange is contributed only by the non-collinear DM terms from each surface. Since the non-collinear terms are absent in the trivial phase, the interlayer exchange coupling for this setup will be zero when the pressure is below the critical pressure for topological phase transition. Beyond this pressure, the interlayer exchange coupling will be dominated by the surface DM terms. As noted in Eq. (57), the DM term has opposite signs for surfaces with opposite normal vectorsn i , and all the DM contributions will cancel from pairs of opposite surfaces in a BiTeI sample with an even number of perfectly aligned side surfaces. Therefore, experimental detection of a non-vanishing interlayer exchange coupling in the topological phase requires a sample with an odd number of side surfaces (e.g., a pentagonal prism) or irregular side surfaces with minimum cancellation of DM coupling from opposite surfaces. Another possibility is to avoid cancellation from opposite surfaces altogether by localizing the measurement geometry on only one side surface.
Second, using ferromagnets with parallel magnetizations, the DM part of the exchange will vanish in the topological phase and the exchange interaction is contributed only by collinear terms in both phases. Even though both phases are characterized by collinear exchange terms, there is a distinct dependence of the exchange on the thickness, z −1 (z −2 ) for magnetization parallel (orthogonal) to the interface in the trivial phase and z −3/2 in the topological phase, and the change of this thickness dependence can serve as an indicator for the topological phase transition, with the advantage that this measurement scheme does not rely on the number of surfaces simultaneously measured.
Experimentally, the interlayer exchange coupling in heterostructures composed of magnetic and nonmagnetic materials can be determined by the magnetooptical Kerr effect, magneto-resistance oscillations, polarized neutron reflectrometry and ferromagnetic resonance experiments 27, 28, 47, 48, [67] [68] [69] [70] [71] [72] [73] [74] . In the trivial phase of BiTeI the observation of the phenomena described in our work requires a quantitative determination of the interlayer exchange coupling for both ferromagnetically and anti-ferromagnetically coupled systems, together with the ability to discern the in-plane and out-of-plane components of the coupling. To this end, we suggest that experiments relying on ferromagnetic resonances would be a suitable platform for this observation [71] [72] [73] [74] . The detection of the interlayer exchange coupling in the topological phase and the topological phase transition requires pressure-controlled measurements of magneto-resistance, spin susceptibility or ferromagnetic resonances. These methods have been previously utilized to study the pressure effects on the interlayer exchange coupling in Fr/Cr multilayers 75 , 2D ferromagnets 76 and FeCoB/Ru/FeCoB heterostructures 77 . These well-established experimental methods coupled with the controlled growth of bulk Rashba semiconductors [8] [9] [10] [11] [12] should make the observation of the unconventional interlayer exchange interaction mediated by these exotic materials readily accessible.
IX. CONCLUSIONS
We have presented a theory for the interlayer exchange coupling between two ferromagnets deposited on opposite surfaces of the bulk Rashba semiconductor BiTeI, in its non-topological and topological phases. Our work highlights the unconventional dependence of the exchange interaction on the BiTeI spacer's topological phase and thickness, as well as the ferromagnets' spin orientations.
In the non-topological phase of BiTeI, our calculation of the interlayer exchange coupling revealed that the latter only couples collinear spins and is strongly dependent on the magnetization direction of the ferromagnets. If the ferromagnets are deposited on opposite surfaces along the stacking direction of BiTeI and have an out-of-plane magnetization direction, then the interlayer exchange coupling behaves in a qualitatively similar way to that in a metallic spacer with an ellipsoidal Fermi surface. The interlayer exchange coupling shows a single period of oscillation and decays with the thickness of the spacer z as z −2 , and the only effect introduced by the Rashba SOC is the renormalization of the amplitude of the exchange interaction. However, if the ferromagnets have an in-plane magnetization direction, the interlayer exchange interaction exhibits significant qualitative differences compared to a spin-degenerate metal. The exchange interaction displays two periods of spatial oscillations and decays as z −1 with an amplitude that is proportional to α 2 (where α is the strength of the Rashba SOC) due to the interplay between the Rashba SOC and interfacing spins.
In the topological phase of BiTeI, only the surface states can mediate the interlayer exchange interaction resulting in a coupling between the one-dimensional spin chains at the edges of the two ferromagnets. In addition to collinear spins coupling, coupling of non-collinear spins emerges due to the presence of DM interaction, and both are characterized by a single oscillation period given by the Fermi wavelength and decay with the thickness of BiTeI as z −3/2 . The qualitative differences in the interlayer exchange coupling of BiTeI between the trivial and topological phases can be used as a signature to detect the topological phase transition in this exotic material. The theory and findings we obtained for the topological phase of BiTeI are also applicable to other strong topological insulators such as Bi 2 Se 3 and Bi 2 Te 3 .
Green's function G k (ik n ) is
where µ = ± denotes the band index and |k, µ the spinor wavefunction of the µ th -band energy eigenstate. Substituting Eq. (A2) into Eq. (A1) yields χ ab (q, iq n ) = −µ 2 B 1 β ikn k µ,ν Tr |k, µ µ, k| ik n − E k,µ σ a × |k + q, ν ν, k + q| ik n + iq n − E k+q,ν σ b .
Invariance of the trace under cyclic permutations leads to
µ, k|σ a |k + q, ν ν, k + q|σ b |k, µ (ik n − E k,µ )(ik n + iq n − E k+q,ν ) .
Performing the Matsubara sum, the above reduces to
where f (E k,µ ) is the Fermi function, and F µν ab (k, k+q) = µ, k|σ a |k + q, ν ν, k + q|σ b |k, µ is a form factor. Analytically continuing to the real frequency iq n → ω + iδ (δ = 0 + ), one obtains the final expression of the retarded spin susceptibility
Eq. (A6) in its static limit, ω → 0, reduces to Eq. (9) for three dimensions and q = 0, and for two dimensions it reduces to Eq. (43) in the main text.
Appendix B: Static Spin Susceptibility of Bulk Rashba Semiconductors
In this appendix we discuss the static limit of the spin susceptibility in a bulk Rashba semiconductor. Here we start with the dynamic spin susceptibility, i.e.,
The real part of the spin susceptibility is χ µν ab (q, ω) = −µ
where P denotes the principal value of the integral. The latter integral, in its most general form, has contribution from complex and real poles, and in order to correctly account for these contributions in the static limit, one needs to consider lim ω→0 χ µν ss (q, ω). However, we have two distinct cases that can be treated differently. First: the case in which the complex poles have vanishing contributions as ω → 0. In this case, we can directly take ω → 0 in the integral in Eq. (B2), such that
An example of such a case is the 3D electron gas 29 . Second: the case in which the complex poles of the integral in Eq. (B2) have non-vanishing contributions as ω → 0. In this case taking ω → 0 in Eq. (B2) leads to unphysical results. Instead, one needs to find lim ω→0 χ µν ss (q, ω) to correctly account for the contribution from all poles. This scenario is displayed in the Rashba SOC metal in 2D 78 .
For a bulk Rashba semiconductor, even though it may seem similar to the 2D Rashba SOC metal, we find that for (q x , q y ) = (0, 0) the contributions of the complex poles vanish as ω → 0 because of the additional k z dependence, and that the static spin susceptibility is given by Eq. (10). We have numerically verified the equivalence of our analytical forms of the static spin susceptibility, Eqs. (22) and (30) , and lim ω→0 χ µν ss (q, ω), as shown in Fig. 11 . 
